Published on 14 November 2013. Downloaded by Shanghai Jiaotong University on 23/01/2014 12:58:00.

Soft Matter

ROYAL SOCIETY
OF CHEMISTRY

View Article Online

View Journal | View Issue,

X-ray tomography study of the random packing
structure of ellipsoids

Cite this: Soft Matter, 2014, 10, 990

Chengjie Xia, Kuan Zhu, Yixin Cao, Haohua Sun, Binquan Kou and Yujie Wang*

We present an X-ray tomography study for the random packing of ellipsoids. The local structure displays

short-range correlations. In addition to the contact number Z, we introduce psne, the average contact
radius of curvature for contacting neighbors, as an additional parameter to characterize the local
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orientational geometry. In general, the local free volume w is affected by both Z and psne. We believe

that the particle asphericity induces a polydispersity effect to influence the packing properties. A model
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. Introduction

The study of random packing structures has attracted a lot of
interest in recent years owing to its scientific importance and
many engineering applications."™ Most of the existing studies
focus on random sphere packing.>® However, for non-spherical
particle packing, the additional rotational degree of freedom
enriches the scope of packing problems® and increases the
complexity for understanding the mechanical and rheological
properties of various systems,' e.g. the stress transmission and
distribution," compaction process,”>™* rheological proper-
ties,'>'¢ glass transition phenomenon,'”** etc. The study of the
microscopic geometry of non-spherical particle packing can
help to understand all of the above properties.

On the other hand, the shape of a non-spherical constituent
particle can be characterized through various shape parameters
and they show respective effects on the packing structure.**>*
Meanwhile, some universal properties of packed non-spherical
particles have been observed, which has aroused wide interest
among the community.”® For instance, both spherocylinders
and ellipsoids can have their random packing fractions vary
non-monotonically as they deviate from spheres to very
aspherical particles.”**** The maximum packing fractions
attainable by varying the shape can be close to that of sphere
crystal packing.>*** The non-monotonic effect has been
explained by combining the contact number and the excluded
volume effects.”*® To understand the macroscopic properties
of packing, it is crucial to investigate its microscopic struc-
tures.”*”  Nevertheless, the microscopic structures of
non-spherical particle packing remain largely unexplored by
experiments. It is therefore crucial to investigate how the
microscopic structures are influenced by particle shapes, which
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is introduced which explicitly maps the ellipsoid packing onto a polydispersed sphere one, and it
reproduces most of the experimental observations.

in turn changes the macroscopic packing properties. The study
of simple non-spherical packing, e.g. ellipsoid packing, can
shed light on the understanding of random packing with
particles of even more complex shapes.

In this study, we analyzed the detailed microscopic structure
of random ellipsoid packing using the X-ray tomography tech-
nique to understand the non-spherical effects on the packing
properties. We found that the spatial correlations in the packing
were short-range, and the local fluctuations were induced
mostly by an effective polydispersity effect. This effect is verified
by a model, which explicitly maps particles with different
orientations onto polydisperse spherical particles, and the
corresponding polydisperse sphere packing can reproduce the
experimentally observed fluctuations.

The paper is organized as follows. In Section II, we briefly
describe our experimental setup and the image processing
steps. In Section III, we define and calculate the distribution of
various local parameters for the ellipsoid packing and their
correlations. In Section IV, we propose an effective model which
maps the asphericity effect onto a polydispersity effect, and
compare the results with the experimental ones.

Il. Experimental setup and image
processing

The random ellipsoid packing structure was generated using
M&M candies, following the original work by Donev et al.>* The
candies are oblate ellipsoids with average principal axes of 2a =
1.34 cm and 2b = 0.69 cm. About 4000 candies were poured into
a cylindrical container with a 19 cm inner diameter. The
container was tapped and shaken several times to compact the
packing. The three-dimensional structures of three such pack-
ings were acquired using a Siemens® medical CT scanner
with imaging resolution of about 0.6 mm. Standard image
processing steps, including binarization and watershed
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segmentation,”®?® were utilized to extract information including
each particle's centroid and orientation 7; (Fig. 1). The particles
had a size polydispersity of about 7%.

The average contact number (Z) was calculated to be about
9.8 using a generalized error-function fitting technique.>*® This
method was also implemented to determine the volume of each
particle, which yielded a global packing fraction of ¢ = 0.709
for our packings. The values of (Z) and ¢ are consistent with
other simulation and analytical works for ellipsoids with an
aspect ratio close to our value: « = 0.51.2*** The value of (Z) =
9.8 further suggests that the iso-counting argument® for (Z),
which is applicable to some other non-spherical particle pack-
ings including slender rod packings, also works for our ellipsoid
packing.’"3

To minimize the boundary effect, further analysis was
limited to particles which were a distance of 80 = 2.8 cm away
from the container boundary, leaving about 2200 particles in
each packing structure.

[ll.  Experimental results
A. Spatial correlations

To understand the structural correlations inside the packing
structure, the pair correlation function (PCF) of the particle
centroids was calculated and is shown in Fig. 2(a). The hori-
zontal axis is scaled by 2b. A broad first peak and a fast decay of
the PCF were observed, which is in sharp contrast to that for
spherical packings. The broad first peak can be easily explained
by the non-spherical effect, since the centroid distance between
two touching neighbors can vary from 2b to 2a = 1.93 x 2b,
which roughly matches the width of the first peak. The rapid
decay of the PCF beyond the first peak suggests a short-range
position correlation.

In addition to the position correlation, a complex orientation
correlation may arise in non-spherical particle packings, which
can significantly affect the structural and mechanical proper-
ties.*"* The orientation pair correlation function is defined as:

Sa(r)=(Poiiy-i)o(r — | — 7)) (1)

where P, denotes the second order Legendre polynomial.*® The
result (Fig. 2(b)) shows that neighboring particles have a
tendency to align with each other. The asymptotic value
(=0.079) at large r suggests a long-range nematic order. It turns
out that this nematic order is along the gravity direction, €,, with
the order parameter S = (P,(#;-¢,)) = 0.226.* Simulation work

Fig.1 Cross-sections of (a) a raw image, (b) a binary image, and (c) a
segmented image.
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Fig. 2 (a) Pair correlation function. (b) Orientation pair correlation
function. (c) Free volume pair correlation function.

of the random deposition of ellipsoid particles suggests that the
relative orientation of neighboring particles and the nematic
order depend on the friction of the particles as well as the
preparation method.***® Our preparation method (pouring and
shaking) imitates qualitatively a rapid quench followed by a
slow annealing of the system. It is difficult to control the friction
and preparation method in our experimental system.

The local free volume of a particle was obtained by naviga-
tion map tessellation®***” and is defined as the difference
between the cell and the particle volume: Vi = Veen — Vo
(different from Vi = Ven — Viin in the spherical case, where Vi
is the minimum attainable volume®®). The probability distri-
bution function (PDF) of the normalized free volume,
w = V¢/Vy, is shown in Fig. 3. Fig. 2(c) shows that w also has
only a short-range spatial correlation.*” The lack of long-range
spatial correlations inside the packing suggests that the struc-
tural analysis can be limited to close neighbors.

B. Local contact geometry

Through navigation map tessellation, we could also define the
number of nearest neighbors (N) for each particle. The distri-
bution of N is shown in Fig. 4. For each neighbor, ¢ is defined as
the nearest surface-to-surface distance between the central
particle and itself, and the corresponding nearest pair of points
on the respective surface are defined as the “facing” points. The
distribution of ¢ is shown in Fig 5, which is in units of b. The

—o— experiment

Fig. 3 PDF of the normalised free volume w: experimental data
(squares) and model data (line).
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Fig. 4 Distribution of the number of nearest neighbors N: experi-
mental data (blue bars) and simulation data (triangles). Distribution of
contact number Z: experimental data (red bars) and simulation data
(squares).
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Fig. 5 PDF of ¢. The solid line marks the average value of §, and the
dashed line marks ¢6* as chosen by the model.

peak around zero is contributed to by contacting neighbors,
while the non-contacting neighbors contribute to the flat
distribution range and an exponential tail. Two particles are
considered to be in contact if 6 is within a threshold, deter-
mined by the aforementioned error-function fitting technique,
and the corresponding “facing” points are defined as the con-
tacting points. The Z contacting neighbors for each particle can
be defined in this way and the Z distribution is shown in Fig. 4.

Other than N and Z, additional information is required to
characterize the local structure around a ellipsoid particle. This
is owing to the fact that both the contacting and non-contacting
neighbors can have various orientations with respect to the
central one, which is absent in sphere packings. To account for
this, we defined a spherical coordinate system on each particle,
where the origin coincides with the particle centroid and the
polar axis is along its minor axis. To fix the relative position and
orientation of two neighboring particles, the distance ¢ and the
polar and azimuthal angles of the “facing” points of each
particle on its respective coordinate systems have to be defined.
When the local packing structure around a central particle is
investigated in its own coordinate system, its azimuthal angle
can be neglected owing to the rotational symmetry, which is not
the case for its neighbors. Nevertheless, we ignored all the
azimuthal angles of the neighbors by assuming that their
contribution to the local packing properties was statistically
averaged. It turns out that this assumption retains sufficient
local packing information, while simplifying further analysis
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significantly. As shown in the two-dimensional schematic in
Fig. 6(a), the contact geometry between two ellipsoids can
therefore be simplified to a pair of contact angles {63/, 647,
where ¢ is the polar angle, and the notation with superscript
(¢, j) refers to the properties of the contact point on particle ¢
which is in contact with particle j. The corresponding PDF is
shown in Fig. 7. We subsequently define the contact radius of
curvature p3’, which is more relevant to the local structural
properties, based on a Gaussian curvature (a good analytical
approximation for the local curvature of our ellipsoids):

i @ cos® 0 + b?sin” 0
Pz = b ) (2)

and its PDF P(p}’) is shown in Fig. 8(a). The radius of curvature
was made dimensionless by normalizing it with b. Similar
calculations can be done for all neighbors by defining 6%/ and
p&/. Their PDFs are shown in Fig. 7 and 8(a), and are slightly
different from those of 8%/ and pZ-. It is worth noting that their
distributions are different from the PDFs assuming a uniform
point distribution on the ellipsoid surface, as demonstrated by
the solid curve in Fig. 7.

In the following, we use {piZ’j , pé""} as the new measurement to
characterize the relative orientation of contacting particles.
There exists a rather weak correlation between p%/ and pf’ as
shown in the inset of Fig. 7. This correlation corresponds to the
fact that the sharp region of one particle has a small tendency to
contact the sharp region of its neighbor, and so does the blunt
region. This is consistent with the local alignments of particles,
as evidenced by the orientational pair correlation function.
However the correlation is rather weak, which enables us to
neglect it and study the contact radii of curvature on the central
particle and on contacting neighbors independently. To repre-
sent the different contact configurations with fewer degrees of
freedom, we define the averages of {piZ’j s p%”} as Peenter = (p%) and
penen={(p%"), where the averages are taken over the contact
points on the central particle (white dots, Fig. 6(a)) and on the
contacting neighbors (black dots, Fig. 6(a)), respectively. These
reduced variables are used subsequently to study their effects
on properties like the contact number Z and the local free
volume w.

C. Correlations of the local structural variables

The global distributions of peenter and pspen are shown in
Fig. 8(b), with variance values of 6*(pcenter) = 0.012 and o*(pgnelr)

Fig. 6 Schematic diagrams of a local contact configuration and the
polydispersed sphere model.

This journal is © The Royal Society of Chemistry 2014


http://dx.doi.org/10.1039/c3sm52841c

Published on 14 November 2013. Downloaded by Shanghai Jiaotong University on 23/01/2014 12:58:00.

Paper

i

N
T
i
<p, ;>
N

L
s,
o 2;; 3

random df[stribution

Fig.7 The distribution of 6% and 6. The solid line is the PDF assuming
a uniform point distribution on the ellipsoid surface. Inset: the
conditional average of p%s as a function of p3’.
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Fig. 8 (a) PDFs of p’4 (triangles), p}i (squares), and pegs (circles). Inset:

The relationship between peg and 0%. (b) PDFs of peenter (squares) and
pshel (circles). The solid line is the PDF of pgney from the model.

=~ 0.035. The substantial difference between their variance
values suggests a different physical origin. Particularly, we
believe that the value of ¢*(psnen) originates from the fact that
the contact radii of curvature for different contact neighbors
with one central particle are totally uncorrelated. Meanwhile,
the relatively small 0*(pcenter) Value can be explained by the
strong correlations among the contact points on the central
particle due to steric effects. This steric effect can be demon-
strated through the non-monotonic dependence of the condi-
tional average of Z on peenter- As shown in Fig. 9(a), pcenter
deviates from its average value only when Z is small, while the
dependence of N on pcenter is comparatively weak.

This journal is © The Royal Society of Chemistry 2014
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In sharp contrast, pghen turns out to be strongly correlated
to N and Z. N and Z both decrease monotonically as pgpen
increases (Fig. 9(a)), which is sensible since more particles are
allowed to be placed around the central one if their sharp
regions point towards the central particle. Interestingly, the

(Z]psnen)
(N1pshen)
average of Z and N for a given range of pgpnep, is approximately
constant with varying pshen (Fig. 9(b)).

Next we investigated how all of the relevant parameters
determine w. We first demonstrated that the existence of the
global nematic order hardly affects w, as the correlation coeffi-
cient between them equals a rather small number of 0.082. It is

ratio p* = =0.71, defined as the ratio of the conditional

reasonable that pghen should influence w, which is clearly
different from that in sphere packings where the free volume is
determined by the average contact number Z alone.® We clas-
sified all particles based on their pg,e; and Z values, and plotted
the conditional average of the free volume (W) versus pgnen for
each Z value to display more explicitly their respective depen-
dency on w. As shown in Fig. 10(a), for each fixed Z value, (w)
decreases as pshen increases, which can be understood by the
fact that the blunt region on a neighboring ellipsoid blocks
more free volume than its sharp region. Similarly, (w) decreases
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Fig. 9 (a) The conditional average of the neighbor number N as a
function of peenter (diamonds), psnen (Open squares), and pspey (Model
data, solid squares). The conditional average of the contact number Z
as a function of pcenter (Circles), psnen (Open triangles), and pgpey (Model
data, solid triangles). (b) The ratio between the conditional average of Z
(Zlpshen)

and N: p* =
(Nlpsheu)

, as a function of pgheu.
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Fig. 10 Experimental data (a) and model data (b) for the conditional
average of the free volume w versus psney for contact number Z. (c)
Conditional average of the free volume (w) versus Zpsnei. The scatter
points are the unaveraged experimental data points. (d) Conditional
average of the free volume w versus pcenter fOr contact number Z.

as Z increases for a fixed pghep value. All curves collapse onto a
single curve if (w) is plotted against Zpgney, as shown in
Fig. 10(c). A similar analysis was done for the relationship
between w and peenter, and (w) was almost constant when
varying peenter for a fixed Z value (Fig. 10(d)). This shows that for
a fixed Z value, peenter introduces a very small fluctuation in the
free volume w.

IV. Model

The dependence of w on pgpep suggests that particle asphericity
can induce an “effective” polydispersity effect to influence the
packing properties. In this section, we introduce a simple
polydisperse sphere particle packing model to further clarify
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this concept and use the model to account for the observed local
packing properties and fluctuations. The model is illustrated in
Fig. 6. To account for the local packing environment, the central
ellipsoid is approximated simply by a sphere with a fixed

radius 7. = (3V0/41'c)% ~1.55b. This is owing to its weak impact
on the local packing properties due to the strong steric corre-
lation at our particular ellipsoid aspect ratio. The neighboring
ellipsoids, on the other hand, are mapped onto spheres with
different p.s values as follows. First the radii of curvature p of all
the neighbors are assumed to follow the same PDF of P(p%/)
despite the small difference between the PDFs of ok and pfi'.
Then we determined a sphere of radius pes, which can subtend
the same solid angle on the aforementioned central sphere as
that of a contacting ellipsoid whose contact radius of curvature
is p. There exists a one-to-one correspondence between peg and
p, as shown in the inset of Fig. 8(a). By mapping the ellipsoids
onto polydisperse sphere particles, we end up with a poly-
disperse sphere packing problem with the PDF of p.s as shown
in Fig. 8(a).

With the above approximations and the mapping of our
packing onto a polydisperse sphere packing, the “Granocentric”
model, which was originally introduced to study polydisperse
packings, can be implemented to calculate various local
packing properties.”*® The “Granocentric” model approximates
the formation of the local geometry as a local stochastic process
by selecting neighboring particles of different sizes randomly
from the distribution and determining whether the neighbor
contacts with the central particle through a Bernoulli trial with a
fixed probability. There are three control parameters (p*, 6* and
Q%) in the model. The parameter p* is the probability that one
neighbor contacts with the central particle, and we used p* =
0.71, according to the experimental value (Fig. 9(b)). The
parameter 6* is the surface-to-surface distance of non-contact-
ing neighbors with the central particle, while the parameter Q*
is the upper limit of the total solid angle subtended on the
central particle by all neighbors. Experimentally, there is a
broad distribution of ¢ (Fig. 5) and it is not independent of Z
and pgpen. To show the interdependence of 6 on Z and pgpen, we
defined 4 as the average ¢ between each central particle and all
its non-contacting neighbors. Basically 4 varies with Z and
Pshell, SO we classified particles based on Z and pgpen, and plotted
(4) (the conditional average of 4) as a function of pgpen for
different Z values, as shown in Fig. 11(a). Surprisingly, all the
curves for different Z values also collapsed onto a single curve
when plotted against Zpgnen, showing a similar behavior to w
(Fig. 11(b)). However, similar to the spherical case, we simpli-
fied the model by using a single value of ¢, which can reproduce
most of the experimentally observed fluctuations. This suggests
that the fluctuations are mainly determined by the poly-
dispersity effect induced by asphericity rather than the posi-
tional disorder characterized by 4.**

The local configurations could then be generated following
the same procedure as the original “Granocentric” model.”*
The N, Z and w values could be obtained for each simulated
configuration. Simulated pge; is defined as the average radius p
of all contacting neighbors. We tuned 6* and Q* so that (N), (Z)

This journal is © The Royal Society of Chemistry 2014
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Fig. 11 Conditional average of 4 for different contact numbers Z
versus (a) Psher and (b) Zpshell-

and (w) matched their experimental counterparts simulta-
neously. The optimized 6* value was 0.51b and the optimized
Q* value was 3.87m. In the experiments, the average ¢ value of
the central particles and their non-contacting neighbors was
0.47h. The scatter plot of Q (the total solid angle subtended on
the central particle by all the neighbors) versus pgnen for exper-
imental data suggests that the assumption that Q* is indepen-
dent of pgnen is appropriate, while Q* = 3.877 seems slightly
larger than the experimental values (Fig. 12). This may be due to
the fact that the surface area of the central sphere in the model
is smaller than the ellipsoid of the same volume.

Ten thousand such simulated configurations were generated
to be compared with the experimental results. First of all, the
distribution of simulated pgne; agrees nicely with its experi-
mental counterpart (Fig. 8(b)), justifying the assumption that
the radii of curvature of contacting neighbors are uncorrelated.
The correlations between N, Z and pge are perfectly

0 " 1 " 1 L 1
10 12 14 16 18 20 22
Yo,

shell

t .
versus psneu fOr experimental data.

Q
Fig. 12 A scatter plot showing %

The dashed line marks Q* = 3.87® as chosen by the model.
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reproduced by the model as shown in Fig. 9(a), justifying the
polydispersity picture. The distributions of N, Z and w are also
successfully obtained (Fig. 3 and 4). In general, the free volume
dependence on Z and pgpe matches well with the experimental
data (Fig. 10(b)), which further justifies the validity of the
polydispersity picture.

V. Conclusions

In conclusion, we have carried out an experimental study on the
packing structures of ellipsoids using the X-ray tomography
technique. We found that the packing lacked long-range spatial
correlations. The local contact geometry was characterized by
the contact number Z and the averaged contact radius of
curvature pghen to determine the local free volume w. The
parameter pghen Was introduced to approximate the effective
polydispersity effect induced by the particle orientations. A
simple polydisperse sphere model adopting this approximation
reproduced most of the experimental results for real ellipsoid
packing structures. The applicable scope of the above
assumption for non-spherical packing structures with various
aspect ratios and different shapes awaits further studies.
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